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THE BRAUER GROUP
OF YETTER-DRINFEL'D MODULE ALGEBRAS

S. CAENEPEEL, F. VAN OYSTAEYEN, AND Y. H. ZHANG

ABSTRACT. Let H be a Hopf algebra with bijective antipode. In a previous
paper, we introduced H-Azumaya Yetter-Drinfel’d module algebras, and the
Brauer group BQ(k, H) classifying them. We continue our study of BQ(k, H),
and we generalize some properties that were previously known for the Brauer-
Long group. We also investigate separability properties for H-Azumaya alge-
bras, and this leads to the notion of strongly separable H-Azumaya algebra,
and to a new subgroup of the Brauer group BQ(k, H).

0. INTRODUCTION

Let k be a commutative ring. Wall [26] introduced a Brauer group of Z/2Z-
graded algebras. During the early seventies, some generalizations to gradings
by other groups have been proposed, cf. e.g. [9]. In [14], Long introduced a
Brauer group of H-dimodule algebras (that is, algebras with an H-action and an
H-coaction), where H is a finitely generated, projective, commutative and cocom-
mutative Hopf algebra. Long’s Brauer group, today usually referred to as the
Brauer-Long group, turned out to be the appropriate generalization of the Brauer-
Wall group, since it contains all previously proposed generalizations as subgroups.

Several authors have investigated the properties of the Brauer-Long group, cf.
e.g. [1,2,5,6,7 10, 19, 20] (this list is not exhaustive). In all computations, the
fact that the basic Hopf algebra is finitely generated, projective, commutative and
cocommutative seems to be essential. This is a severe restriction, since, apart from
finite abelian group rings, examples of such Hopf algebras are scarce. In a previous
paper [8], we have been able to generalize Long’s construction to arbitrary Hopf
algebras—the only remaining condition is that the Hopf algebra H needs to have a
bijective antipode. The underlying philosophy is that we replace Long’s dimodules
and dimodule algebras by Yetter-Drinfel’d modules (also called quantum Yang-
Baxter modules or crossed modules) and Yetter-Drinfel’d module algebras. The
Brauer group BQ(k, H) then consists of Brauer equivalence classes of H-Azumaya
algebras ; if H is finitely generated, projective, commutative and cocommutative,
then BQ(k, H) is anti-isomorphic to the Brauer-Long group BD(k, H). The fact
that we have an anti-isomorphism rather than an isomorphism comes from the
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fact that we took the braided product instead of the smash product to define the
multiplication on BQ(k, H).

In this paper, we continue our study of BQ(k, H). Some of our results are
generalizations of results that were previously obtained for the Brauer-Long group.
In Section 1, we fix notations, and recall some definitions from [8]. We also introduce
a generalization of the Brauer group of H-comodule algebras (cf. [1, 2]). If (H, R) is
a quasitriangular Hopf algebra, then we introduce the Brauer group BM(k, H, R).
A similar generalization of the Brauer group of H-module algebras is possible for
a coquasitriangular Hopf algebra. The Brauer group BC(k, H,R) thus obtained
is also a generalization of the Brauer groups introduced in [9] and [19]. If H is
finite, then it is known that the Drinfel’d double is quasitriangular, and in this case
BQ(k, H) = BM(k, D(H), R), and this generalizes an observation made by Childs,
cf. 9, 10].

In Section 2, we introduce the notion of Hopf Yetter-Drinfel’d (A, H)-module,
and we discuss a Morita theory for these modules. Roughly stated, a Yetter-
Drinfel’d module algebra A is H-Azumaya if and only if the categories of Yetter-
Drinfel’'d H-modules and Hopf Yetter-Drinfel’d (A, H)-module algebras are equiv-
alent, cf. Proposition 2.6. This generalizes some results of [1].

We then investigate to what extent an H-Azumaya algebra may be defined as a
kind of central separable algebra. This problem was studied in the classical case in
[1], where the notions of H-central and H-separable algebra were introduced. Using
the Morita theory, it is not difficult to show that an H-Azumaya algebra is H-central
and H-separable. In general, the converse does not hold. We will follow a different
approach, which is, as far as we could find out, also new in the classical case of a
faithfully projective, commutative, cocommutative Hopf algebra. We introduce the
notion of strongly H-separable algebra, which differs from an ordinary H-separable
algebra in the sense that the H-separability idempotent has to be in the intersection
of the invariants and coinvariants of the H-enveloping algebra A#¢. A strongly H-
separable H-central algebra is then called strongly H-Azumaya, and we can show
that a strongly H-Azumaya algebra is automatically H-Azumaya, cf. Theorem
2.23. The converse is not true, however, and the subset of BQ(k, H) consisting of
classes represented by a strongly H-Azumaya algebra forms a subgroup denoted by
BQS(k, H), cf. Theorem 2.26. We can characterize strong H-Azumaya algebras as
H-Azumaya algebras having a trace map, cf. Proposition 2.24. If H is semisimple
and cosemisimple, then we can show that BQS(k, H) = BQ(k, H).

It was established long ago that there is no splitting theorem for the Brauer-
Long group, nor even for the Brauer-Wall group. In particular, the Brauer-Long
group of an algebraically closed field may be nontrivial, for example BD(C,Z/2Z) =
Z/2Z. Denoting by BQ®(k, H) the subgroup of BQ(k, H) of classes of algebras split
by a faithfully flat extension of k, it makes sense to try to describe the cokernel
of the inclusion BQ®(k, H) — BQ(k, H). In the case of a faithfully projective,
commutative and cocommutative Hopf algebra, and following methods based on the
Skolem-Noether theorem, originally considered in a special case by Orzech (]20]),
it was shown in [6] that we have an exact sequence

(1) 1 — BD*(k, H) — BD(k, H) — O(k, H),

where O(k, H) is a well-determined kind of orthogonal subgroup of the automor-
phism group Autops(H @ H*). In Section 2, we try to extend this result. We first
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give a Yetter-Drinfel’d version of the Rosenberg-Zelinsky sequence and the Skolem-
Noether theorem (cf. Propositions 3.5 and 3.6). We may then prove a weak version
of (1), namely, for a faithfully projective Hopf algebra H, we have a complex

(2) 1— BQ%(k,H) — BQ(k,H) — O(E(H)),

where O(E(H)) is a well-defined subgroup of G(H) x Alg(H, k), cf. [20]. We expect
that the quotient BQ(k, H)/BQ®(k, H) is a subgroup of the Hopf automorphism
group of the Drinfel’d double D(H), but we have no idea how to prove this. The
methods used in [6] are strongly based on the fact that the Hopf algebra is com-
mutative and cocommutative.

In the final section, we show that there is an anti-homomorphism

T Autpopt(H) — BQ(k, H)

and this (partly) generalizes a result of Deegan [11], who showed that, for a finite
abelian group G, Aut(G) is a subgroup of BD(k, kG). Moreover, using the map =
we may characterize the action of Autyeps(H) on BQ(k, H), cf. Theorem 4.11.

An important property of the category of Yetter-Drinfel’d modules is that they
form a braided category. The second and the third author observed that the con-
struction of the Brauer group of Yetter-Drinfel’d module algebras can be generalized
to arbitrary braided monoidal categories. This unifies almost all variations of the
Brauer group that have been presented in the literature so far. In particular, if the
braiding on the category is trivial, then one obtains the Brauer group of a symmet-
ric monoidal category as introduced by Pareigis in [21]. For details, we refer to the
forthcoming [25].

1. PRELIMINARIES

In this section we review some notions about Hopf algebras, Yetter-Drinfel’d
module algebras and the Brauer group of a Hopf algebra. For all unexplained
terminology we refer to [8, 24]. Throughout this paper H is a Hopf algebra with
bijective antipode S. Then H° and H°P are also Hopf algebras with antipode
S—l

1.1. Yetter-Drinfel’d H-module algebras. A Yetter-Drinfel' d H-module (cf. [8,
15, 23, 27]), sometimes also called an H -crossed module or a quantum Yang-Bazter
H-module, is a k-module M which is at once a left H-module and a right H-
comodule satisfying the compatibility relation

(3) X(h-a) = " he)-a@ @ haa)S™ (ha)

A Yetter-Drinfel d H-module algebra A is a k-algebra which is a left H-module alge-
bra and a right H°P-comodule algebra satisfying the condition (3). As pointed out
in [8], (H°P,A,ad’) and (H, x,ad) are regular Yetter-Drinfel'd H-module algebras
with H-structures defined as follows:

had o = Y hoaS ' (ha)
Ale) = D w0y @0
hadz = Y hayaS(ha)
X(@) = D re e85 Ha)
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Let A be a Yetter-Drinfel’d H-module algebra. The H-opposite algebra A of
A is the Yetter-Drinfel’ld H-module algebra defined as follows: A equals A as a
Yetter-Drinfel’d H-module, with multiplication given by the formula

EOb—Zb(O (1) - CL

for all @, b € A. If the antipode of H is of order 2, then A is isomorphic to A as a
Yetter-Drinfel’d H-module algebra.

Let M be a Yetter-Drinfel’d H-module which is faithfully projective as a k-
module, that is, M is finitely generated, projective and faithful as a k-module. The
endomorphism algebra Endy (M) is a Yetter-Drinfel’ld H-module algebra with the
H-structures induced by those of M, i.e, for h € H, f € Endx (M) and m € M,

(4) (- £)(m) = ha)- [(S(he)-m)
and
(5) =" flm)) o) ® S~ (m)) f(me)) )

Recall from [8, 4.2] that the H-opposite of Endy (M) is isomorphic to Endy, (M )P
as an R-algebra, with H-module structures given by

(6) Z hz) - f(s h(l)) m)
and
(7) X(F)(m) = F(m)) o) @ f(mo)@)S(m))

forme M, h € H and f € Endy(M).

1.2. Quasitriangular Hopf algebras. A quasitriangular Hopf algebra is a pair
(H, R), where H is a Hopf algebra with bijective antipode and R = . RW @ R?) ¢
H ® H satisfies the following axioms (r = R):

(QT1). SARM)® R® =Y RO @ r) @ R@7(2)
(QT2). S e(RMYRP) =1
(QT3). SRM @ A(R®) =S RWr() @ r2) @ RG)
(QT4). S RWe(RP) =1
(QT5). AP(h)R = RA(h)

Here AP = 7A is the comultiplication of the Hopf algebra H<? and 7 is the
switch map.

Now let A be a left H-module algebra. It is well-known that there is an induced
H°P-comodule structure on A as follows:

(8) x(@)=> R®.a® R

It is easy to check that A with (8) is a right H°P-comodule algebra. Moreover, A
is a Yetter-Drinfel’d H-module algebra, for

x(h-a) = ZR(Q)h-a@)R(l)
= Z R(Q)h(g,) ca® R(l)h(g)S‘l(h(l))
= Z h(g)R(2) ca® h(g)R(l)S_l(h(l))
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1.3. Coquasitriangular Hopf algebras. A coquasitriangular Hopf algebra is a
pair (H,R), where H is a Hopf algebra with bijective antipode, and R € (H ® H)*
is convolution invertible and satisfies the following axioms:

(CQT1). Rh®1) =R(1& h) = e(h)1u
(CQT2). Rab®c) =3 R(a ® c))R(b® ¢(2))

(CQT3). R(a®bc) =) Rlap) @ b)R(az) @ c)

(CQT4). Yo bmyamR(ae) @ bey) = > Ran) ® bay)a be)

Let A be a right H°P-comodule algebra. There is an induced left H-module
structure on A defined as follows:

(9) h-a= Z a(Q)R(h & a,(l))

foralla € A, h € H. It is easy to check that the H°P-comodule algebra A furnished
with (9) is a Yetter-Drinfel’d H-module algebra.

1.4. Braided tensor categories. A braided tensor category C' is a monoidal cat-
egory equipped with a naturally isomorphic transformation ¥ from the product ®
to the twisted product 7 o ® such that

Uxegy,z = (X @ Wy z)(Uxz®Y)and Uxygz = (Uxy @ Z)(Y @ ¥x z)

U is called the braiding of the category C, cf. [16, 27]. Let H be a Hopf algebra.
Denote by Q¥ the category of all Yetter-Drinfel’ld H-modules. Then (QF,®, ¥, k)
forms a braided tensor category cf. [8, 27]. The notation @ for the tensor product
indicates that the H-structures of M®N comes from both M and N, that is

h-(m®n) = Z h@) - m®@h(ay - n and x(m®@n) = Zm(0)®n(0) ® neym(r)
The braiding ¥ is given by
(10) Uxy: XRY — YRX, Ry — Zy(o)®y(1) T
The inverse ¥~! of ¥ is given by the formula
U (y@r) = Z S(y(1y) - ©@y(o)

If H is a quasitriangular Hopf algebra, then Q contains a braided tensor sub-
category g M, consisting of all left H-modules. From (8) it follows easily that the
braiding in yM is given by

Uy N : MAN — NOM, mén— » R -ndRM -m

Dually, if H is a coquasitriangular Hopf algebra, then the braided tensor category
M of all right H°P-comodules is a braided tensor subcategory of Q.

Let A(H) denote the category of all Yetter-Drinfel’d H-module algebras and
Yetter-Drinfel’d H-module algebra homomorphisms. Then (A(H),#,k) forms a
monoidal category. Here # is the braided product given by

(a#tb)(c#td) = _ aboy# (b - )d € A#B

If H is a quasitriangular Hopf algebra, then the category Am(H) of all left H-
module algebras is a submonoidal category of A(H). Dually, in case H is a co-
quasitriangular Hopf algebra then the category Ac(H) of all right H°P-comodule
algebras is a submonoidal category of A(H).
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1.5. The Brauer group of a Hopf algebra. In [8] we defined the Brauer group
of a Hopf algebra H by considering isomorphism classes of H-Azumaya algebras.
Let M be a Yetter-Drinfel’d H-module. M is said to be of finite type if M is finitely
generated and projective as a k-module. If, in addition, M is faithful over k, then
M is said to be faithfully projective. For a faithfully projective Yetter-Drinfel’d
H-module M the endomorphism ring Endy (M) and the opposite Endy(M)°P are
Yetter-Drinfel’d H-module algebras, cf. [8]. A Yetter-Drinfel’d H-module algebra A
is called H-Azumaya if it is faithfully projective as a k-module and if the following
Yetter-Drinfel’d H-module algebra maps are isomorphisms:

F: A#A — End(A4), F(a#b)(c) =X acqy(cq) - b)

(11)
G: A#A— End(A)P, G@#b)(c) = X a(aq) - c)b

Two H-Azumaya algebras A and B are Brauer equivalent (denoted A ~ B) if
there exist two faithfully projective Yetter-Drinfel’d H-modules M and N such that
A# End(M) = B# End(N). The Brauer group of the Hopf algebra H is denoted
by BQ(k, H).

Now let (H, R) be a quasitriangular Hopf algebra. Since yM is closed in Qf
under the product ® and Am(H) is closed in A(H) under the braided product #,
we may define the Brauer group BM(k, H, R) of H-module algebras. BM(k, H, R)
is the subgroup of BQ(k, H) consisting of classes of algebras represented by the
H-Azumaya algebras with comodule structure are of the form (8). We now have
the following inclusions:

Br(k) C BM(k, H, R) C BQ(k, H)

Dually, for a coquasitriangular Hopf algebra we may define the Brauer group
BC(k, H,R) of right H°-comodule algebras. We then have the following inclu-
sions:

Br(k) C BC(k, H, R) C BQ(k, H)

Now let us look at the finite case. Suppose that H is a faithfully projective Hopf
algebra. Then the Drinfel’d double D(H) is a quasitriangular Hopf algebra, and
there is a one-to-one correspondence between left D(H )-module algebras and Yetter-
Drinfel’d H-module algebras, cf. [17]. It follows that BQ(k, H) = BM(k, D(H)) and,

a fortiori, that
BQ(k, H) € BQ(k,D(H))

Now write D"(H) for D(D"~!(H)), the n-th Drinfel'd double. Then we have the
following chain of inclusions:

BQ(k. H) € BQ(k, D(H)) € BQ(k, DX(H)) - C BQ(k, D" (H)) C -

When is the foregoing ascending chain finite?

It would also be interesting to compute the Brauer group of Sweedler’s 4-dimen-
sional Hopf algebra W = k{g,z)/(¢?> = 1,22 = 0,29 = —gz), which is both a
quasitriangular and a coquasitriangular Hopf algebra. In any case, we have the
following inclusion diagram:

Br(k) c BM(k, W, R)
N N
BC(k,W,R) c BQ(k,W)
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Here BC(k, W, R) ~ BM(k, W, R), because W is self-dual. If H is a commutative
and cocommutative Hopf algebra, the Brauer-Long group BD(k, H) of H-dimodule
algebras (cf. [14]) is anti-isomorphic to BQ(k, H) (cf. [8]). Let H be a faithfully
projective Hopf algebra, and 6 : H — H* a Hopf algebra map. Orzech [19] defined
a subgroup By(k, H) of BD(k, H) consisting of classes of #-dimodule algebras. We
will show that this is equivalent to defining a coquasitriangular structure R on H
and considering BC(k, H,R). Let H be a faithfully projective Hopf algebra. Denote
by P(H, k) all the invertible elements in the convolution algebra (H ® H)* satis-
fying (CQT1-CQT3). It is easy to see that P(H, k) is a group with respect to the
convolution product. Since a bialgebra map between Hopf algebras is automatically
a Hopf algebra map, we have

Lemma 1.1. ([22]) Let H be a faithfully projective Hopf algebra. Then
P(H, k) = Hopf (H?, H*)

For a commutative and cocommutative faithfully projective Hopf algebra H,
the axiom CQT4 is automatically satisfied. Therefore each element in P(H, k)
determines a coquasitriangular structure on H. We summarize the above arguments
as follows:

Lemma 1.2. Let H be a commutative and cocommutative faithfully projective Hopf
algebra.

1. There is a one to one correspondence between the coquasitriangular structures
on H and the group Hopf(H, H*);
2. By(k, H) is anti-isomorphic to BC(k, H,R), where 0 corresponds to R.

In particular, the Brauer-Long group BD(k, H) is anti-isomorphic to the Brauer
group BM(k,D(H), R) (or BC(k,D(H)*,R)), where R and R are represented by
the dual pair of bases for H and H* cf. [12, 22]. Moreover, if H = kG is a finite
abelian group algebra, ¢ : G x G — G,,(k) a bilinear map, we may view ¢ as
a coquasitriangular structure on H. Then the Brauer group Bg(k,G) of graded
algebras (cf. [9, 10]) is anti-isomorphic to BC(k, H, ¢).

We claim that a cocommutative Hopf algebra with a coquasitriangular structure
is necessarily commutative. Indeed, if (H,R) is such a Hopf algebra, then for
a,b € H, CQT4 may be restated as follows: for all a, b € H:

> Rlag) ©bm))agbe) = Rlaq) © ba))be)ae)
since H is cocomutative. It follows that
ab = R_l(a(l) ® b(l))R(a(g) ® b(2))d(3)b(3)
= R7Han) @ bay)R(age) @ bez))bz)ac)
= ba

Similarly, a commutative Hopf algebra endowed with a quasitriangular structure is
cocommutative.

2. THE STRONG PART OF BQ(k, H)

2.1. Hopf Yetter-Drinfel'd modules. Let H be a Hopf algebra, and let A be
a Yetter-Drinfel'd H-module algebra. A is the H-opposite of A. We will call the
Yetter-Drinfel’d H-module algebra A#¢ = A#A (resp. #¢A = A#A) the left (resp.
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right) H-enveloping algebra of A. A may be regarded as a left A#*-module and a
right #¢A-module as follows:

(12) (a#b) -z = Z az(o)(x(y - b) and x - (@#b) = Za(o)(a(l) -x)b

Let A be a Yetter-Drinfel’ld module algebra. Recall that a (left) Hopf Yetter-
Drinfel'd (A, H)-module is a k-module M which is at once a Yetter-Drinfel’d H-
module and a left A-module satisfying the following compatibility relations:

(13) he(am) = Y (hay-a)(he) -m)

(14) xlam) = > a@m) ® mayaq)

A Hopf Yetter-Drinfel’ld H-module M is a left A#H-module and a right Hopf
module in sM*””". Here A#H is the usual smash product rather than the braided
product. Denote by 4 Q¥ the category of Hopf Yetter-Drinfel’d (A, H)-modules and
Hopf Yetter-Drinfel’d (A, H)-module homomorphisms. Similarly, we may define
right Hopf Yetter-Drinfel’d (A, H)-modules and the category Q% of right Hopf
Yetter-Drinfel’d (A, H)-modules by imposing the following compatibility relations:

(15) he(ma) = Y (hay -m)(he) - a)

(16) x(ma) = ) m@ae) @ aqyma

Let A, B be Yetter-Drinfel’d H-module algebras. An (H, A-B)-bimodule M is an
(A-B)-bimodule which belongs to 4Qf and Q. Denote by 4 Q¥ the category of
(H, A-B)-bimodules. View k as a trivial Yetter-Drinfel’d H-module algebra. Then
49 is just the category of (H, A-k)-bimodules. Similarly Qff is the category of
(H, k-A)-bimodules.
Proposition 2.1. Let A be a Yetter-Drinfel d H-module algebra. Then

1. (4Q%,®4,A) is a monoidal category;

2. AQIIQ{ is equivalent to g# QT and QfeA;

3. If A is H-commutative then 4Q is a monoidal subcategory of 4QH.
Proof. 1) is trivial and 3) follows from [8, (3.2.3)]. It only remains to show 2).
Define a functor

K A#GQH —A lea M — K(M)a
where k(M) = M as a Yetter-Drinfel’d H-module but with A-bimodule structure
given by
am = (a#1)m and ma = Z(I#S(m(l)) - @)my()
fora € A, m € M. It is easy to check that x is well-defined and preserves homo-
morphisms. On the other hand, we have a functor
L AQZI > A#e QH
defined as follows : for an (H, A-A)-bimodule M, let «(M) be equal to M as a
Yetter-Drinfel’d H-module with A#¢-module structure defined by
(a##b)m = a(mo)(m) - b))

for a,b € A, m € M. Observe that x and ¢ are each other’s inverses. A similar
argument leads to the equivalence between AQ{;{ and Qfe A O

It follows from the above proposition that the categories s#Q and Q. , are
equivalent monoidal categories.
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2.2. H-Morita contexts.

Definition 2.2. A (strict) Morita context (4, B, P, Q, ¢, ) is called a (strict) H-
Morita context if the following conditions hold:

1. A, B are Yetter-Drinfel’d H-module algebras;

2. Pisan (H, A-B)-bimodule and @ is an (H, B-A)-bimodule;

3. 9: PRpQ — Aand ¢ : Q4P — B are (surjective) Yetter-Drinfel'd
H-module maps.

In the sequel, we list some useful properties. We leave it to the reader to ver-
ify that all maps occurring in the next three propositions are Yetter-Drinfel’d H-
module maps.

Proposition 2.3. For any faithfully projective Yetter-Drinfel d H-module P, we
have a strict H-Morita context (End(P),k, P, P*,p,v). The maps ¢ and ¢ are
given by the formulas

o(p @ f)(x) =pf(x) and Y(f @ p) = f(p)

Let B be a Yetter-Drinfel'd H-module algebra and P € QH be a finitely gen-
erated projective right B-module. Then Endp(P) is a Yetter-Drinfel’d H-module
algebra with H-structures given by (4) and (5). If @ is a finitely generated projec-
tive left B-module which is in 5Q, then Endp(Q) is a Yetter-Drinfel’d H-module
algebra with H-structure given by (6) and (7). Note that Endp(Q) acts on @ on
the right hand side.

Proposition 2.4. Let B be a Yetter-Drinfel d H-module algebra. If P € QH is
a B-progenerator, then (A = Endg(P),B,P,Q = Homp(P, B),p,v) is a strict
H-Morita context. Here ¢ and i are given by

e(p @ f)(x) = pf(x) and ¥(f @ p) = f(p)

Proposition 2.5. Let (A, B, P,Q,¢,v) be a strict H-Morita context. Then the
pairs of functors

Q@ae: 4Q" —p Q" and P&pe: QY — 4 QY
@ P: Qf — QF  and e2pQ: Qf — Of

define equivalences between categories of Hopf Yetter-Drinfel d H-modules.

Now substituting A#¢ or #¢A for A, we obtain the categories 4#.Qf and Q. ,.
The equation (12) tells us that A is an object 4#. Q7 and QfeA. To an Hopf Yetter-
Drinfel’ld H-module M in 4#. QY we associate a Yetter-Drinfel’d H-submodule

MA = {m e M | (a#1)m = (1#a)m, Va € A}

In the sequel, we will use the shorter notations am for (a#1)m and am for (1#a)m.
M* is a Yetter-Drinfel’d H-module since for h € H,a € A and m € M,

alh-m) = Y he (ST (b)) a)m
> (ST () -@m = a(h - m)

and

(a® 1)x(m)

> amo) ® maamSlae) =Y x(agm)(1® S(a)))
= Y x(@gm)(1e S(aw)) = @ 1)x(m)
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We therefore have a functor (O)A from 4#.QF to QF. On the other hand, we have
an induction functor AQe from Q7 to 4#. QM. It is easy to see that

Age: QH —  a#Qf, N — AQN
(17)

(')A :oaxeQf —  OHF, M — M4
is a pair of adjoint functors. Similarly we have a pair of adjoint functors between
the categories Qf and Qfe A

(18)
RA: Qf — QQCA, N — N®A

Aeoy: ol — O, Mw— AM ={me M|ma=ma, Ya € A}

Proposition 2.6. Let A be an H-Azumaya algebra. Then (17) and (18) define
equivalences of categories.

Proof. A is H-Azumaya, so A is a faithfully projective Yetter-Drinfel’d H-module,
A#e = End(A) and #¢A = End(A)°P. Tt follows from (2.3) and (2.4) that the
pair of functors (AQe, A*® 4#ce) defines an equivalence between Qf and 4#. Q.
However (A®e, ()4) is an adjoint pair of functors. By the uniqueness of adjoint
functors, (8)# is isomorphic to A*® 4#ce. A similar argument applies to (18). O

In fact, (17) and (18) define equivalences between braided tensor categories if A
is an H-Azumaya algebra.

Proposition 2.7. Let A be an H-Azumaya algebra. Then the category 4 Q% is a
braided tensor category, and the following pair of monoidal functors:

Ae: QO — L4OH N w— AQN
(19)

(4: 40 — Qf  Mw— M4
where M4 = {m € M|am =Y m)(mq) - a),Va € A}, defines an equivalence of
braided tensor categories, where the induced (H, A-A)-bimodule A9N of N has the

left A-module structure coming from that of A, and has the right A-module structure
given by (b @m)a =Y b(S(m)) - a) @ mg) for b®m € AQM and a € A.

Proof. By (2.6) the pair of functors (19) defines an equivalence. If A®e is a
monoidal functor, then the braiding on the category Qf induces a braiding on
the category 4Qf and the statements follow. For Yetter-Drinfel’d H-modules M
and N, it is not hard to check that we have the following isomorphism in 4 Qf:

AR(M®N) ~ (AOM)&A(ARN)
Also if f, g are homomorphisms in Q¥ then A®(f®g) ~ (A®f)®@4(ARg). There-

fore A®e is a monoidal functor. O

We will now show that Brauer equivalence of H-Azumaya algebras is equivalent
to H-Morita equivalence. We write A ~ B if A and B are H-Morita equivalent,

and A X B if A and B are Brauer equivalent, that is, [A] = [B] € BQ(k, H).

Lemma 2.8. Let A, B and C be Yetter-Drinfel d H-module algebras. If A < B,
then A#C < B#C and C#A X C#B.
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Proof. Suppose that {A,B,P,Q,[,],(,)} is a strict H-Morita context. Write P =
P®RC and Q = Q®C as Yetter-Drinfel'd H-modules. We endow P with a left
A#C-module and a right B#C-module structure as follows:

(a#tc) — (p&z) = Y ap)@(pq) - o)z
(p@x) — (b#c) = > pboy®(ba) - z)c

fora € A, be B, ¢c,x € C and p € P. Then P is an (H, A#C-B#C)-bimodule
(the tedious check is left to the reader). Similarly, ) with the following structures
is an (H, B#C-A#C)-bimodule:

(b#e) = (qDy) = > bgo)@(qqa) - o)y
(q®y) — (a#c) = > qa®(aq) - y)e
Define the maps
[]: P&pycQ — A#C and (,) : Q@apcP — B#C
by
P&z, q2y] = > [p.aw))# () - )y
(q®y, p&z) > (@:p0)#(pa) - v)z

[,] is well-defined since

[p@x — bitc, qRy] = Z[pb(o), q0))#(anba) - ) (qe) - Oy = [p&z, b#fc — qQy]

for any b € B,c,z,y € C,p € P and ¢ € Q. Similarly (,) is well defined. Both [,]
and (,) are H-(co)linear since they are the composite maps of H-(co)linear maps
and the braiding maps. A similar argument yields that [,] and (, ) are surjective. We
leave it to the reader to check that [,] is an A#C-bimodule map and (,) is a B#C-

bimodule map, and hence A#C < B#C'. Similarly, we have C#A <~ C#B. O

Lemma 2.9. IfA X~ B, then A X~ B.

Proof. Suppose that {4, B, P,Q,[,],(,)} is a strict H-Morita context. Then the
(H, A-B)-bimodule structure on P yields an (H, B-A)-bimodule structure on P as
follows (P equipped with this (H, B-A)-bimodule structure will be denoted by P):

b—p= ZP(O)(p(l) -b), and p —a = ZG(O)(“(D ‘p)
Indeed, for @ € A,b € B,p € P, we have
b—p —a = > aglaq) - (po(pa) b))

= D (aw(aq) - poy))(a@pa) -b)

= b—(p—a

This means that P is a (B-A)-bimodule. This bimodule structure is compatible with
the H-(co)module structures on P, and thus P is a (H, B-A)-bimodule. Similarly,
interchanging A and B and substituting @ for P, we obtain an (H, A-B)-bimodule
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Q. One may readily verify that the following maps are the desired maps for the

strict H-Morita context {A, B,Q, P, [,]’,(,)'}:

LV QépP — A @B =X bo.ro d

(): P&Q — B. 0.0 =X o1 P)
It follows that A ~ B. O
Theorem 2.10. Let A, B be H-Azumaya algebras. A LB if and only if A~ B.

Proof. Suppose that A X B. Then there are faithfully projective Yetter-Drinfel’d
H-modules M, N such that A# Endy (M) = B# End(N). By Lemma 2.8 we have

A= A#k © A#End(M) © B#End(N) < B#k < B

Conversely, if A< B, then there is a strict H-Morita context {4, B, P,Q,[,],(,)}.
Since @ is a faithfully projective Yetter-Drinfel’d H-module, C' = Endg(Q) is an
H-Azumaya algebra. We view B = End_4(Q) as an H-Azumaya subalgebra of C.
It follows from (17) that

C = B&CP = B#CP
We claim that CB = End(Qz), where Q5 = Q5. In fact, for f € End(Q5),b € B
and x € @,

fo(x)

> F(S(ba)) - 2) — b))
> f(S(ba)) - 2) = b
= Y boba) - f(S(be) )
= > by - @)

This implies fb =Y b()(b) - f), i.e, f € CB. On the other hand, if f € C¥, then
for any x € Q,b € B, we have

fle—=0) = Zf bo) b(l)'x)
Zb b(1 )

= fl@)=b

However, A = End(Qz) by (3.9). It follows that B#A = B#CP = End(Q).
Therefore,

B# End(Z)OP & BHAHA End(Q)#A = A# End(Q)
and hence A b B. O

Corollary 2.11. If [A] = 1 in BQ(k, H), then A = End(P) for some faithfully
projective Yetter-Drinfel d H-module P.

Proof. By the above theorem A is H-Morita equivalent to k. O
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2.3. H-separable algebras. It is well-known, cf. e.g. [13], that a k-algebra A
is an Azumaya algebra if and only if it is central and separable. Recall that A is
separable if and only if A is A®-projective, where A = A® A°P. Now we may ask the
following question: can we give a similar characterization for H-Azumaya algebras?
In the case where H is commutative, cocommutative and faithfully projective, this
question was investigated by Beattie in [1, Ch. 3]. We call a Yetter-Drinfel'd H-
module algebra left (resp. right) H-separable if it is projective as a left A#*-module
(resp. a right #¢A-module. If A is an H-Azumaya algebra, then A is left and right
H-separable: indeed, in view of the results obtained in the previous section, we
have a strict H-Morita context (A7€ k, A, A*, ¢,), and therefore A is left A#e-
projective, and A4 = k (we will say that A is left H-central).

In general, however, we do not have the converse property. We only have the
following partial result, due to Beattie (cf. [1, Prop. 3.10]): if H = kG, where
G is a finite abelian group, with the order of G invertible in k, then a left and
right H-central, left and right H-separable Yetter-Drinfel’d H-module algebra is an
H-Azumaya algebra.

In order to have equivalence, we have to replace separability by a stronger prop-
erty:

Proposition 2.12. Let A be a Yetter-Drinfel' d H-module algebra. Then the fol-
lowing assertions are equivalent :

1. A is an H-Azumaya algebra;
2. A is left and right H-central, a left A#-progenerator and a right #¢ A-progen-
erator.

Proof. This follows immediately from the Morita theory developed in the previous
section; the argument is identical to the one in the commutative, cocommutative
faithfully projective case, cf. [1, Prop. 3.6]. O

We will now introduce a stronger version of H-separability, and this will lead us
to the notion of strong H-Azumaya algebra.

Definition 2.13. A Yetter-Drinfel’d H-module algebra A is called strongly H-
separable if the exact sequence

A#eTAA L0
splits in gxe Q.

Here 7 4 is the usual multiplication in A. It is obvious that a strongly H-separable
algebra is H-separable : if the sequence splits in 4 @, then it certainly splits in
A#e_mod.

In the sequel, we often use My as a shorter notation for M N M<°H  the inter-
section of the invariants and the coinvariants of a Yetter-Drinfel’d H-module M. In
the next proposition, we will see that it does not make sense to distinguish between
left and right strong H-separability.

Proposition 2.14. Let A be a Yetter-Drinfel d H-module algebra. The following
statements are equivalent:
1. A is H-separable;
2. There exists an element e; € A#e such that ma(e;) = 1 and (a#£1)e; = (1#a)e;
for all a € A;
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3. There exists an element e € (A®A)o such that Ta(e) = 1 and (a ® 1)e =
e(l®a) for alla € A;

4. There exists an element e, € 7¢Ay such that ma(e,) = 1 and e.(a#1) =
er(1#ta) for all a € A;

5. ma : A#A — A — 0 splits in QQCA.

Proof. Straightforward. O

Note that H-separable algebras are k-separable by 3) of the above proposition
(a similar observation is not true for H-separable algebras!). Moreover, If ¢; =
> @i #7;, we may choose e = Y x; ® y; and e, = > T;#y;. Thus we may write e
for e; and €4 for e, without ambiguity. Since e4 is an idempotent element in each
of the above cases, it follows that if A is strongly H-separable then M4 = ey — M
and AN = N — e'y for M € 44.Q% and N € QQSA respectively. In particular,
AA = ey — Aand AA = A — ¢/;. For a Yetter-Drinfel'd H-module algebra A
we will call A4 (resp. 4A) the left (resp. right) H-center of A. If A4 = k (resp.
AA = k) then we call A left (vesp. right) H-central. A is H-central if A is both left
and right H-central.

Proposition 2.15. 1. Let f : A — B be an epimorphism of Yetter-Drinfel d
H-module algebras. If A is strongly H-separable, so is B.
2. Let S be a commutative k-algebra. If A is strongly H-separable then S @ A
is a strongly H-separable S-algebra.

Proof. Use the fact that the image of the separability idempotent e4 is non-zero
under any Yetter-Drinfel’d H-module algebra map. O

Proposition 2.16. 1. If A is strongly H-separable, so is A. If, in addition, A
is left (resp. right) H-central then A is right (resp. left) H-central.
2. If A, B are strongly H-separable, then A#B is strongly H-separable. If in
addition, A and B are left (resp. right) H-central, then A#B is left (resp.
right) H-central.

Proof. 1) Let eq4 = > x;#7,; be a separability idempotent of A#¢. A routine
computation shows that

€3 = Z S xz(l yz#xz
is a separability idempotent of A°. It follows that A is strongly H-separable. Now

ZZ:Z,_E’Z - {ZS Ti(1)) - ¥i © Tyo)ala € A}
= {Z zia0)(aqy - yi)la € A}
= AA

This implies that if A is left central then A is right central. Similarly, we have
—A
AT =AA

2) Write C for A#B, and let e4 = Y. 2;#7;, ep = > a;#b;. Set
€= Z(xi(o)#xi(l) caj)#yiFb;

We will show that e is a separability idempotent for C¢. It is easy to see that e € Cy
and that

Zﬂﬂz(o Yio) (Wi Ti1) - aj)bj = szyl#ajb =1#leC
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Take ¢ = a#b € C. We then have
(c#1#1)e = Z az;(0)#i(1) - (bay)#yi#b;
= Y (azio)#ri) - a;)#yi#b;b
On the other hand,
(1#1#c)e = in(o)#xi(l) S a0 FTi(2)a(1) - (aFD) o yiFtb;
= > wio#ri) - a;#(itb;) (o)
= ) mioy#i) - a;#viae) #aa) - by)b
= Y (@) o#aoi)q) - a#yi#(aq) - b)b
= Y ao@io#eimaq) - a;#yid(ae) - b;)b
= Zaxi(o)#xi(l) - a;#yi#bsb

The last but one equality holds because ep € Bf. It follows that (c#1#1)e =
(1#1#¢)e for any ¢ € C°, and hence C is strongly H-separable.

Suppose that A and B are right central. Let us show that C' = A#B is also
right central. Take e as before. For a € A,b € B,

(a#tb) — € = ) (o) #Ti1) - 050) (Ti2) (1) - G#Ti(3) a2 - b) (yidby)
= > (@i #ri) - 40) (i) a50) - QYo # i) Ti3) ) - b)b;)

= > wio) (i) 52) - a©0))¥i0) i Ti @i a) S (a5m))
ST @i)wi) - aj0)(@50) - )b,
= D7) (i) i) a©)yi(ai@am ST a50) - ajo) (@) - Db,
Now, > zi0)(ziyaj) - @)y = > (ajq) - a) — €'y € k implies that
X wio) (@imaiay - ay) = Y wio) (@i aje) - a)yi © ajeaa)S” asm)
= Z Ti0) (Tiyaj) - a)y @1
It follows that
(a#b) —e = Z%(o Ti(1)aAj(1) - )yl#a](O (%(2) b)b
= Z L#aj0)(aj(2) - b)i0) (Ti1)aj) - a)yib; € k#B.
Now let [ = 3 (1#a;)#(1#b;). We have the identities
el = Y e [(1#a))#(1#D)] [(TH#D#(1#D;)]
= > lIFDH(1#a)) | [(1HD)#(1#))]
= > lIF#FD#(1#a5D))]
= ¢
Denote by 1#d the element (a#b) — €’ € k#B. Then we have
1#d = (a#b) — €'l = (1#d) — | = 14d — €'z € k#k
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We therefore have that ©C = C «— e/ = k#k = k, and it follows that C is right
H-central. The statement about the left central property follows from the equality

e—C=C—e=(B#A) —¢e
—BB# A = k#k =k
O

Definition 2.17. A Yetter-Drinfel’d H-module algebra A is called (left, right)
strongly H-Azumaya if A is strongly H-separable and (left, right) H-central.

In the sequel, we will show that strongly H-Azumaya algebras are H-Azumaya
algebras, justifying our terminology.

Lemma 2.18. Let A be left or right strongly H-Azumaya. Then the inclusion map
embeds k as a direct summand of A in oH .

Proof. Let e4 be the separability idempotent of A#¢. Define a mapt: A — A
by t(z) = ea — z (or t(x) = z — €/4). It is easy to see that ¢ is H-linear and
H-colinear, and hence t is a section of the inclusion map in Q. O

Definition 2.19. A Yetter-Drinfel’d H-module algebra A has an H-trace map if
the inclusion map i : k — A has a section in 0" A Yetter-Drinfel’ld H-module
algebra A is said to be H-simple if A has no proper Yetter-Drinfel’d H-module ideal
(simply H-ideal). This is equivalent to A being simple in 4#.Q or Q% ,.

Proposition 2.20. Let A be a left (or right) strongly H-Azumaya algebra. Then
A is H-simple if and only if k is a field.

Proof. Suppose that A is H-simple and [ is a non-zero ideal of k. T A is an H-ideal
of A, and TA = A. Let t be the H-trace map described in Lemma 2.18. Then
t(IA) =t(A) implies I = k. It follows that k is a field.

Conversely, suppose that A is a strongly H-separable algebra over a field k. Since
H-separability implies k-separability, A is semisimple artinian. Let M be an H-
ideal of A. Then there exists a central idempodent ¢ € A such that M = cA = Ac.
¢ must be in Ag. In fact, for h € H (note that Vm € M,em =m = mc and ¢ € M)

h-¢c = (h-c)e= Z(h(l) -c)(e(h2))c)
= Y hy(e(S(he) - o)
= Z h(l) . (S(h(g)) . C) = €(h)c
Since c is in M we have ) ccg) ® (1) = Y ¢(0) ® ¢(1). Therefore (¢ = ¢’),

Y oo @ ey © e = D co) @ ey ® ca)
and it follows that
> oo @ cyemSle) =Y co) @ caySle)
The above equality is nothing but x(¢) = ¢® 1. Now for any a € A, we have
Z aqy(a) - ¢) = ac = ca

and

Z coy(cqy -a) = ca = ac
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Thus ¢ is in both A4 and A A. Now if A is left or right strongly H-Azumaya then
c € k, and hence M = cA = A. O

Lemma 2.21. If A is a left or right strongly H-Azumaya algebra, then for any
mazimal H-ideal M of A there exists a mazimal ideal I of k such that M = I A
and MNk=1.

Proof. Suppose that A is left strongly H-Azumaya. Set I = kN M. Then A/M
is an H-simple left strongly H-Azumaya algebra over k/I by Proposition 2.15.
Thus k/I is a field. But A/IA is also a left strongly H-Azumaya algebra over k/I
since (A/TA)A/14 = (A/TA)* = k/I. Therefore A/IA is H-simple, and hence
IA=M. |

Let A be a Yetter-Drinfel’ld H-module algebra, and B = A#¢ (resp. B = #¢A).
Denote by Hom% (A, B) the abelian group of all morphisms in 4% Qf (resp. in
Q#. ,) from A to B. Then the image trp(A) of the canonical morphism

Hom#(A,B)® A — B

is called the H-trace of A. It is clear that trp(A) is an ideal of A. We have the
following result:

Lemma 2.22. Let A be strongly H-separable, and e a separability idempotent of
A#e. Then tril(A) = BeB.

If A is strongly H-Azumaya, then trp(A) = B.

Proof. We will prove the lemma in the case where B = A#¢. The case B = #4
may be handled in a similar way. For f € Hom% (A, B),z € A, we have f(z) =
(x#71)f(1), where f(1) is obviously in 4B. Thus f(1) = e — u = eu for some
u € B. It follows that f(A) C BeB. Since e is clearly in trg(A) and trg(A) is an
H-ideal of B, the first part is proved. Now the second part of the lemma follows
from Lemma 2.21 and the fact that trg(A) is an H-ideal of B and B is also strongly
H-Azumaya by Proposition 2.16. |

Theorem 2.23. Let A be a Yetter-Drinfel d H-module algebra. If A is a strong
H-Azumaya algebra, then A is H-Azumaya.

Proof. In view of the results obtained above, the argument is identical to the one
in the proof of the classical case; we refer to [9, 2.8]. |

In general, H-Azumaya algebras are not strongly H-Azumaya since an H-
Azumaya algebra need not be a separable algebra. An example may be found
in [6, 5.2]. Now the following natural question arises: when is an H-Azumaya
algebra strongly H-Azumaya?

Proposition 2.24. Let A be an H-Azumaya algebra. Then the following asser-
tions are equivalent:

1. A is strongly H-Azumaya algebra;

2. A has an H-trace map;

3. k is an H-direct summand of A (by an H-direct summand, we mean a direct
summand as a Yetter-Drinfel d H-module).



3754 S. CAENEPEEL, F. VAN OYSTAEYEN, AND Y. H. ZHANG

Proof. 1) = 3) has been shown in 2.18. The equivalence of 2) and 3) is obvious.
So let us show that 2) = 1). Let ¢t : A — k be an H-trace map of A. Since A is
H-Azumaya we have the isomorphism A#A = End(A), and we may view t as an
element in A#A. In fact ¢ is in (A4t A) since t is H-linear and H-colinear. Let us
show that ¢ is an H-separability idempotent for A#¢. Now 7 (t) = t(1) = 1, and
for any a,z € A,

(a#1)i(x) = at(x) = (1#a)(x)
because t(z) € k. It follows from the above equalities that we have (a#1)t = (1#a)t
for any a € A. Therefore, A is strongly H-separable. |

Corollary 2.25. Let A, B be H-Azumaya algebras. If A#B is strongly H-Azumaya,
so are A and B.

Proof. Since A#B is strongly H-Azumaya, A#B has an H-trace map ¢. Now the
restriction ¢|4(a) = t(a#l) is clearly an H-trace map of A; hence A is strongly
H-Azumaya. In a similar way, so is B. O

The above corollary tells us that even the trivial H-Azumaya algebra Endy (M),
M a faithfully projective Yetter-Drinfel’d H-module, may be not strong. For exam-
ple, if A is non-strongly H-Azumaya, then A is non-strongly H-Azumaya by 2.16,
and hence End(A) = A#A is non-strongly H-Azumaya. So strongly H-Azumaya
algebras may be Brauer equivalent to non-strongly H-Azumaya algebras. We have
the following:

Theorem 2.26. The subset BQS(k, H) of classes of H-Azumaya algebras repre-
sented by a strongly H-Azumaya algebra is a subgroup of BQ(k, H).

Proof. This follows immediately from Proposition 2.16. O

Now the question arises: when is BQS(k, H) equal to BQ(k, H)? We know that if
Ais an H-Azumaya algebra then A is a projective A#¢-module. If this projectivity
can be lifted to the projectivity in 4. Q, then A is strongly H-separable. In case
H is a Frobenius Hopf algebra or, more generally, a finitely generated projective
Hopf algebra, the projectivity of A in 4. QY is equivalent to A being a projective
A#e4#D(H)-module. A sufficient condition ensuring this lifting property of the
projectivity is that D(H) is ‘semisimple-like’ (that is, there exists a (left) integral
x € H such that £(x) is a unit in k).

Proposition 2.27. If H is a semisimple-like and cosemisimple-like Hopf algebra,
then BQS(k, H) = BQ(k, H).

Proof. By [22, Prop.8], D(H) is semisimple-like if and only if H and H* are
semisimple-like. O

We remark that for a quasitriangular or coquasitriangular Hopf algebra H, the
H-central and strongly H-separable or strongly H-Azumaya algebras are special
cases of those above. For example, if H is a semisimple-like quasitriangular Hopf
algebra, then BMS(k, H) = BM(k, H). If G a finite abelian group and H = kG with
a bilinear map ¢ : G x G — k, then H is a cosemisimple-like coquasitriangular
Hopf algebra. Thus all graded (H-) Azumaya algebras are strongly H-Azumaya,
cf. [9, 10].
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3. THE SPLIT PART OF BQ(k, H)

3.1. Picard groups of Hopf algebras. Let H be a Hopf algebra, and denote by
G(H) the group of all grouplike elements in H. Write Alg(H, k) for the group of
all algebra maps in the convolution algebra Hom(H, k). Consider the set

(20)
E(H) = {g> X € G(H) x Alg(H,k)|g(A — h) = (h — \)g, Vh € H},

where A — h = >~ hyA(h)), and b — X =37 A(hay)h).
Lemma 3.1. E(H) is a group with multiplication given by
(gpaA)(g' > X) = g'gpa AN
Proof. E(H) is closed with respect to the above multiplication. Indeed, for h € H,
g9ON —h) = > g ghaMhe))N (h)
> 9N (ha)hAhay)g
= D N (he)Ahay)g'g
= D (h=2\)dg
For gt A € E(H) and h € H, we have
g(A = S(h)) = (S(h) — N)g

That is, Y gA~ (h1)S(h@) = XA Hh2))S(h))g. Now let S act on both
sides of the above equality, to obtain

Zh AT Zg "hy A (ha))

(h—=A"gt=g7' (A"t —h)
It follows that g=! > A= € E(H). Finally, 1 i ¢ is the unit of the group E(H). O

or

Definition 3.2. A Yetter-Drinfel’d H-module [ is called invertible if there exists
a Yetter-Drinfel’ld H-module I’ such that I®I’ ~ k as Yetter-Drinfel’d H-modules.
The Yetter-Drinfel’ld H-module isomorphism classes of invertible Yetter-Drinfel’d
H-modules form a group under the tensor product @, denoted by PQ(k, H), and
is called the Picard group of the Hopf algebra H.

Similarly, for a quasitriangular Hopf algebra, the group of invertible H-modules
is denoted by PM(k, H, R), and for a coquasitriangular Hopf algebra, the group of
invertible H-comodules is denoted by PC(k, H,R)

Proposition 3.3. Let H be a Hopf algebra.
1. PQ(k, H) ~ Pic(k) x E(H);
2. If H is a quasitriangular Hopf algebra, then PM(k, H) ~ Pic(k) x Alg(H, k);
3. If H is a coquasitriangular Hopf algebra, then PC(k, H) ~ Pic(k) x G(H).

Proof. We will prove 1) and leave 2) and 3) to the reader. Define a map
¢ : Pick) x E(H) — PQ(k, H)

by
E([I],gpa ) = [I(g > N)]
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where I(g < M) is equal to I as a k-module but with H-structure given by
h-x=MAh)x and x(z) =z®g
for h € H. € is well defined since
x(h-z) = Mh)z®g
= x®Ah)g

— Z z ® ghiyA(h3)S ™ (ha))
= Y Az @ hipygS~ (hay)
= Y he e ®hegS  (ha)

It is clear that I'(g~! > A71) is an inverse for I(g 1 A). Conversely, for I €
PQ(k, H), consider I’ such that I®I’ ~ k in the category QY. Forget the H-
structure on I’ and denote the resulting k-module by I’. Then the Yetter-Drinfel’d
H-module J = I ® I’ with H-structure stemming from I is isomorphic to k as a
k-module. We may therefore write J = km, for some m € J, and it follows that
x(m) = m® g for some g € H. It is easy to see that ¢ € G(H). On the other
hand, for any h € H, h - m = kpm € km for some k, € k. Define A\ : H — k
by A(h) = kp. The H-module structure on J makes A into an algebra map, so
A € Alg(H, k). Now we claim that o = g >t A\ € E(H). Indeed, for all h € H, we
have that

X(h-m) = "hy-m@hegS  (ha) = > m® Mhe)h@gS ™ (ha)
Now x(h-m) = x(A(h)m) = m ® A(h)g, and it follows that

Ah)g = Mh)hgS ™ (hay).

Therefore,
gA—=h) = D gMha)ha) = Y_ Mh)hagS ™ (he)ha)
= ) AMha)heg = (h—Ng

The element o is uniquely determined by I, so we have a well-defined map
n: PQk, H) — Pic(k) x E(H), [I] ~ [I] x o,
It is not hard to see that £ and i are group maps and are each others inverses. [

Remark 3.4. Note that PQ(k, H) is an abelian group, since the tensor product ® is
naturally commutative. It follows that E(H) is an abelian group. In particular, if H
is a quasitriangular (resp. a coquasitriangular) Hopf algebra, then Alg(H, k) (resp.
G(H)) is abelian. As an example, if H is faithfully projective, then G(D(H)), the
grouplike elements of the Drinfel’d double, form an abelian group. Moreover, if the
elements 0 = g A and ¢/ = ¢’ > X are in E(H), then g¢’ = ¢’g and AN = XN\

3.2. The generalized Rosenberg-Zelinsky exact sequence. Let A be a
Yetter-Drinfel’d H-module algebra. Denote by H- Aut(A) the group of all Yetter-
Drinfel’d H-module algebra automorphisms of A. We call f € H- Aut(A) H-INNER
if there exists an invertible element = € Ag such that f(a) = zaz™!, for all a € A.

The subgroup of H- Aut(A) consisting of H-INNER, automorphisms of A will be
denoted by H-INN(A). f € H- Aut(A) is called H-inner if there exist an invertible
element x € A and a grouplike element g € G(H) such that f(a) = x(g-a)z~! for



THE BRAUER GROUP OF YETTER-DRINFEL'D MODULE ALGEBRAS 3757

all a € A. We have the following generalization of the Rosenberg-Zelinsky exact
sequence:

Proposition 3.5. For an H-Azumaya algebra A, we have the exact sequence

(21) 1 — H-INN(A) — H-Aut(A)-2PQ(k, H)
where
(22) O(f) =1 ={z € A Zx(o) (1) -a) = f(a)r,Va € A}

Proof. Observe that A is an object of the monoidal category 4Qf of (H, A-A)-
bimodules. For a, 3 € H- Aut(A), let ,Ag be the object of 4Qf which is equal to
A as a Yetter-Drinfel’d H-module algebra but with A-bimodule structure given by
a—z=cala)zr, v—a=z6(a)

Let o, 8 and v € H- Aut(A). Tt is easy to check that we have the following isomor-
phisms in 4 Qf (cf. [13, Ch.IV]):

1. oAg >~ aAyp (Via z — y(x));

2. aA5®A ,),Ag ~ ,YaAg and aA5®A ocA'y ~ O(Ag.y;

3. A1~ 14, if and only if o € H-INN(A).
Take ov € H-Aut(A). It follows from Proposition 2.7 that

ocAl =~ A®(QA1)A

Write I, for (,A1)4. Then I, is an invertible Yetter-Drinfel’d H-module with
inverse I,—1 by formula 2) above. Observe that

I, =%(a) ={z € Ai|ala)z = Zﬁf(o)(ﬁf(l) -a),Va € A}
as required. Now 2) and Proposition 2.7 imply that ® is a homomorphism, since
Ing =~ (apA1)™ =~ (5A184 0 A1) ~ (5A)AB (4 A ~ [5B], ~ 1,815
From 3) it now follows that the sequence
1 — H-INN(A) — H-Aut(A)-2PQ(k, H)
is exact. O

Corollary 3.6 (Generalized Skolem-Noether Theorem). If Pic(k) = 1 and A is
H-Azumaya, then each o € H-Aut(A) is H-inner.

Proof. Since [I,] = 1 in Pic(k), I, = ka for some invertible element = € A. Let
[Io]) = ([k],g < A) in PQ(k, H) ~ Pic(k) x E(H). Then h-x = A(h)z for all h € H,
and x(z) =2 ®g.

Now let v € Aut(A). By (22) we have

afa)x = Zx(o) (1) -a) =2z(g-a).
Thus a(a) = z(g - a)r™! for all a € A. O

Remark 3.7. If H is a coquasitriangular Hopf algebra, then there are comodule
versions of (3.5) and (3.6) for an H-Azumaya H°P-comodule algebra A. Similarly,
for a quasitriangular Hopf algebra (H, R) and an H-Azumaya H-module algebra A,
we have a module version of (3.5) and (3.6). The condition that an automorphism
is H-inner is then as follows: f € H-Aut(A) is H-inner if there exist A € Alg(H, k)
and an invertible element z € A such that for all @ € A, f(a) = x(u - a)z~!, where
u= 3 AR®)RM.
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3.3. The map (. Recall that the Brauer group of Yetter-Drinfel’d H-module al-
gebras is functorial in &k : if £ is a commutative k-algebra, then we have a natural
map BQ(k, H) — BQ({,£® H). As usual, we will denote

BQ((/k, H) = Ker(BQ(k, H) — BQ((, ¢ ® H))

and

BQ°(k, H) = | JBQ(¢/k, H) C BQ(k, H)
4

where the union is taken over all faithfully flat k-algebras ¢. In the case where
H is commutative, cocommutative and faithfully projective, an exact sequence
connecting BQ*(k, H) and BQ(k, H) was given by the first author in [5, 6]. In this
subsection we will generalize this result and derive a complex involving BQ(k, H),
the split part BQ®(k, H) and the automorphism group of E(H):

(23) 1 — BQ*(k, H) — BQ(k, H) -5 O(E(H)) — 1

Let E(H) be the abelian group described in (20). Consider an H-Azumaya algebra
A. We define a map

E(H)-> End,(A)
by
plg>aN)(a) = (g a@)Maq))
for a € A, o0 = g >t A. The image of p is in H- Aut(A). In fact, for h € H, we have
p(o)(h-a) > (gh) - a@)Mh@yawy ST (k)

= > 9\ = h) -agAa)A (ha)

= Y (b = Ng-aMaa) A (b))

= D h-(g-a@)Aaw)

= h-(p(0)(a))

and
X(p(e)(@) = D x(g-a@)Maq))
= Zg “ago) ® gamyg” AMa)
= > g-ap @9\ —a)g"
= > g-a) ®aa) — A
= plo)(aq)) ®aq)

Moreover, the inverse of p(o) in H- Aut(A) is p(c=!). Now we define a4 to be the
following composition:
as: E(H)-LH-Aut(A)-2PQ(k, H) > YE(H)

p is a homomorphism in view of Remark 3.4. It follows that o4 is a homomorphism.
The map B4 : E(H) — E(H) is defined by

(24) Ba(o) =oaa(o)™"



THE BRAUER GROUP OF YETTER-DRINFEL'D MODULE ALGEBRAS 3759
Given 0 = g A € E(H), we have
D(p(o)) = I, z{x€A|aa$:Zx (z(1) - a),Va € A}
= {xeA|Zg a))rA(a()) Zx(o r(y)-a),Va € A}
Lemma 3.8. Let A, B be H-Azumaya algebras. Then Bapp = Sa o Bs.

Proof. First we show (a4 o fp) * ap = aagp. Take 0 = g > A € E(H) and let
ap(o) =pb. Set (a0 Bp)(0) = aa(Bp(o)) = g=n. For u € ®4(p(Bp(0)))
and v € ®p(p(0)), we have

h-u=mn(h)u, x(u) =u®qand h-v="~0(h)v, x(v)=v&p.

The following computation implies that u#v is in ® a4 p(p(c)). For a#b € A#DB,
write p(0)(z) = o(x),
[p(o)(a#b)](u#tv) = (o(a)#0(b))(u#v)
= > ola)ug#(uq) - o(b))v
= o(a)us(q-o(b))v
= PBp(o)(ap(o)(a))usto(q-b)v
u(q - ap(o)(a))#v(pq - b)
= u(ap(o)(q-a)#v(pq-b)
> ulpgf(ag)) - a))#v(pq - b)
> " ulpq - ag))#(paayg v~ - v)(pg - b)
= (u#v)(pq - (a#h))
= > (u#v) o) (ustv) ) - (agtd)

It follows that
aayp(0) =pg=and = (aa o fBp)* ap(o)

Now
Bagp(o) = ocaagp(o)™!
= ol(aaofp)(0)ap(o)] !
= oap(o) taa(Bs(0)) "
= Balo)aa(Bp(o)”"
= Baopp(o)
and this finishes the proof. O

Lemma 3.9. If P € Qf is faithfully projective, and A = End(P), then fa =
Proof. Given 0 = g 1 A € E(H), we define ¢, : P — P by ¢,(z) = o(z) =
> 9 zA(z()). Then ¢, € H- Aut(P), since p(o) € H- Aut(A). One may easily
see that 1, is in End(P)g, since ¢, is H-linear and H-colinear. Furthermore v, is
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in ®4(p(0)), and hence as(0) =1 ®¢. Indeed, for f € A,
p(o)(f) oo () plo)(f)(o(x))
> g foyla™ g wo) Mz fo))
> g+ f@e) oMz ST zw) f(@o) o)
= 0 f(z)=vs0 f(x)
Therefore, 84 = Ix(m)- |
Lemma 3.10. 84 € Awt(E(H)).

Proof. Since a4 is a group homomorphism and E(H) is abelian, it follows that
B4 is in End(E(H)). By (4.8) and (4.9), Bz is an inverse for 34, and therefore
Ba € Aut(E(H)). |

The above arguments may be summarized as follows:

Proposition 3.11. We have a group homomorphism
B: BQ(k,H) — Aut(E(H))
defined by B(IA]) = Ba.
Define a subgroup O(E(H)) of Aut(E(H)) as follows:
O(E(H)) = {f € Aut(E(H))|wo f = w},
where w : E(H) — Gy, (k) is given by w(g > \) = (A, g).
Lemma 3.12. Im(8) C O(E(H)).
Proof. Let f € Im(f3). That is, f = (4 for some H-Azumaya algebra A. Take
=g X € E(H). Set as(c) = p < 0. Suppose u € P4(p(c~1)). Then
X)) =u®@p~t and h-u=0"1(h)u= (0"t h)uforall h € H.
Since u is in ®4(p(c~1)), we have
plo™ ) (wu = u(p™" - u).
That is,
ATh (O g = (07 pT ).
If k is local, then by (3.6) p(c~!) is H-inner. We may choose u to be an invertible
element in A, and then we obtain

(25) AL g =Y.

Now a local-global argument implies that (25) holds for an arbitrary commutative
ring k. Thus,

wofalo) = wloaa(o)™)

wp~lgpadd™h) = (M7 pTlg)

AN g0 0 g)

Mg A AL p T g0 g)

(A g) = w(o).

Therefore 84 € O(E(H)). O
Lemma 3.13.

)

BQ®(k, H) C Ker(B)
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Proof. Suppose that A is an H-Azumaya algebra such that A ® K = Endg (P) for
some faithfully flat k-algebra K and some K-faithfully projective Yetter-Drinfel’d
H-module P. Then A® K is H-Azumaya over K by Proposition 2.15 and fagx =
Ig(agk) by Lemma 3.9. Since K is faithfully flat over k, E(H) is a subgroup of
the abelian group E(H ® K). Now

Bask : E(H® K) — E(HQ K)
restricted to E(H) is nothing else but S4. Therefore 84 = I(g). O

Proposition 3.14. Let H be a Hopf algebra. We then have a complex
1 — BQ(k, H) — BQ(k, H)-"O(E(H))

4. HOPF AUTOMORPHISM GROUPS

In this section, H will be a faithfully projective Hopf algebra over k. We will
construct an anti-homomorphism from Autpeps(H) to BQ(k, H), and we will show
that its image determines the action of Autyepr(H) on BQ(k, H).

We know that if M is a faithfully projective Yetter-Drinfel’ld H-module, then
Endg (M) is an H-Azumaya Yetter-Drinfel’d H-module algebra. However, if M
is an H-bimodule, that is, a left H-module and a right H-comodule, but not a
Yetter-Drinfel’d H-module, it may still happen that Endg (M) is a Yetter-Drinfel’d
H-module algebra. Let us provide an example first.

Let H be a faithfully projective Hopf algebra. Take a non-trivial Hopf algebra
isomorphism a € Autwops(H) (for example, if the antipode S of H is not of order 2,
S? is a non-trivial Hopf automorphism). We define an H-bimodule H,, as follows:

As a k-module H, = H; we give H, the obvious H-comodule structure given by
A, and an H-module structure as follows :

hez = alhg)es™ (b))

for h € H, x € H,. Since « is nontrivial, H, is not a Yetter-Drinfel’d H-module but
an H-bimodule. Let A, = End(H,) with H-structures induced by the H-structures
of H,, that is,

(h- f)(z)

x(f)(z)
for f S Aa, T € Hoz-

Zhu)f(s(h@)) - )
> Fae) o ® ST Haw) f(zo)a)

Lemma 4.1. If H is a faithfully projective Hopf algebra and « is a Hopf algebra
automorphism of H, then A, is a Yetter-Drinfel' d H-module algebra.

Proof. We identify A, with H, ® H}, where the left action on H is given by
(h-p)(z) = (p, S(h) - x)
and the right H-coaction by

X(p) (@) =D (p,w0) © S (z())
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forhe H, pe H: and x € H,. Take f =m @ m* € A,,x € H,; then we have
X(h- )(@) = (h- )o@ S (@) (h- £z
= Y alhe)moS ™ () ((hs) - m*)e), ) @ (h) - m*)@yelhay )may S~ (b))
= D alhe)meS ™ (he) () -m* z0) © S (z))alhuw)may S~ (b))
= D hey-mey(m*, S(h) - 20) © S (z))alhe@)ma S~ (ha))
On the other hand,
> (hey - Fo)(@) @ hes) f1)S™ (hay)
= Y _(h) -m) @ hgg) - mig)) (@) @ haymiym S~ (hay)
= D (b -m))miy), Slhes)) - ) ® haymfym S~ (b))
= > (hey-me)(m*, S(hu) - 2)
®h(6)S ™ (a(S(h))Tayhe) ) mayS ™ (b))
= Y hy - my(m*, S(hay - 1) © S za))alhe) ) may S~ (ha))

It follows that A, is a Yetter-Drinfel’d H-module. Since the H-module and H°P-
comodule algebra structure are independent of the Yetter-Drinfel’d compatibility
condition, A, is a Yetter-Drinfel’d H-module algebra. O

In the sequel, we will see that A, is H-Azumaya. Now let M, N be faithfully pro-
jective H-bimodules such that Endy (M), Endg(N) are Yetter-Drinfel’ld H-module
algebras. For h € H, let p(h) be the map M — M defined by p(h)(m) = hin. It
is clear that p(hl) = p(h)p(l), for h,l € H.

Proposition 4.2. With assumptions as above, End(M)# End(N) = End(M @ N)
as Yetter-Drinfel d H-module algebras.

Proof. As shown in [8, (4.3)], the map
¢ : End(M)#End(N) — End(M ® N)

given by ¢(f#g)(m @ n) =" f(m)) ® (m() - g)(n) is an HP-comodule algebra
isomorphism, but is not H-linear in our case. We will define another H-action on
M ® N such that the induced H-module structure on Endg(M ® N) makes the
map ¢ into an H-module map, and this will finish our proof. We need the following
lemma.

Lemma 4.3. Let M be a k-module such that Endg (M) is an H-module algebra.
If the H-action on Endg (M) is strongly inner, that is, there exists an algebra map
u: H — Endg(M) such that h - f = Y u(h@y)fu(S(h))), then there is an
H-action on M inducing the H-action on Endy(M).

Proof. The desired action of H on M is given by h-m = u(h)(m), and M with this
H-structure is an H-module. (]

We are now able to finish the proof of Proposition 4.2 : Define a map

n: End(M)# End(N) — End(N) ® End(M)
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as follows:
n(f#9) =Y p(S(f1))9 ® fo)

7 is an algebra isomorphism. Indeed, for f, f’ € Endg(M) and g, ¢’ € Endg(N), we
have

n((F#9)(f'#9)) = D_nlf foy# (- 9)9)
Zp f(l)f(l) f(2) '9)9I®f(0)f(lo)
S oS ) (S (Fa))p(Flay) (S (fls))d' © Fo) Floy

n(f#gm(f’ #g )

Identifying Endy(N) ® Endy (M) with End, (N ® M), we obtain an algebra isomor-
phism

n: End(M)# End(N) — End(N ® M)
Let us show that 7 is an H-module algebra isomorphism. For h € H, f € End(M)
and g € End(N), we have
Z n(hqy - f#h@) - 9)
= Y p(S(ha fayS™ (ha)))(hay - 9) @ hey - fo)
= Y p(h)p(S(f1)p(S(he))plhiay)gp(S(hes)) @ he) - fo)
> plha))p(S(£1))gp(S(hay)) @ plhz)) fio)p(S(hz)))

= Zp hay)((f#9)p(S(hz))
h-n(f#9)

Now the adjoint action of H on Endg(N ® M) is strongly inner. It follows that the
H-action on Endy(M)# Endy(N) is strongly inner too. Thus the algebra isomor-
phism ¢ induces a strongly inner action of H on Endy(M ® N). By Lemma 4.3
there is an H-module structure on M ® N such that M ® N is a new H-bimodule,
and its induced H-action and coaction on Endg (M ® N) force Endg(M ® N) to be
a Yetter-Drinfel’d H-module algebra. Therefore, ¢ is a Yetter-Drinfel’d H-module
algebra isomorphism. O

Recall from [8] that for a faithfully projective H-bimodule M the k-dual M*
admits two types of H-bimodule structures:

Type 1: (h-p)(m) = 3 p(S(h) - m), and x(p)(m) = X p(m()) @ S~ (m)).
Type 2: (h-p)(m) = 3" p(S~'(h) -m), and x(p)(m) = 3 p(m()) ® S(m()).
Here h € H,p € M* and m € M. The H-bimodule structures of type 1 induce the
H-structures of End(M), and those of type 2 induce the H-structures of End(M)°?

Lemma 4.4. Suppose that M is a faithfully projective H-bimodule. Then
t: End(M)? 2 End(M™), fP+— f*
is an H-bimodule algebras isomorphism.

Proof. The proof is the same as the one of [8, (4.7)]. Note that here M* as an H-
bimodule admits the H-structures of type 2, and Endg(M)°P has the H-structures
given by (6) and (7). |
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We have to show that A4, = End(H,) is an H-Azumaya algebra. First let us
define a new H-bimodule structure on H, denoted by H!, as follows:

hex = Y alhe)eS™ (hay)
X(@) = D zg@a(zw)

for h € H, x € H!,. The H-bimodule H, satisfies the compatibility condition

X (h-x) = ) 20) ® bz S~ e (b))
Lemma 4.5. Endy(H))°? is a Yetter-Drinfel d H-module algebra, and
7: Endg(H,) — Endg(H.)P

given by

= foy(fa) - m)

for f € Endg(H,), m € H., is an isomorphism of Yetter-Drinfel d H-module
algebras.

Proof. Using the notation p we have that 7(f) = 3 p(f)) o fo) = 3 foyp(fay) is
well-defined. 7 is an algebra map since
7(fog) = D (90 (9)- /)

= D 90 - Hoel9e - Hugw)

= > 906 fo)

= D 90w - fo)rle fu)

= Y g0rlaw)for(S(ge)elee fo)

= Y gorlan)forfa)

= > @7

p(g 4)f1)5 ( 2))9(1))
(

Also, 7 is H-linear:

r(h-F) = (e fo)plhe) fu S~ ()
= Y p(h@) fo)p(S(he)ha fayS ™ (hay))
= > olhe)fop(fn)e(S™ (hay))
= > h-r(f)

7 is H-colinear: for m € H, keep the comodule structures x'(z) = > z1) ®
o Nzw) € H, ® H and x(z) = A(z) = Y xq) ® 22) € Hy @ H, in mind.
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Then for m € H, f € End(H,), we have

X(r(M)m) = > [r(Fmo)lo) @ [F(F)(m))] ) S(ma))
= Y _[F(Hma)la @ o ([r(F)(ma))le)S (@™ (m))
= > olfo - moloy @ o ([fo(fa) - ma)l@Sme))
= Y o (fay - ma)a)la

o ((fay - m)) S (Ffay - ma)) @)
x[fo)((fry - may) )] 2)S(m2)))

= > fo(fo) - mm)m) ®a™ (fe) - mm) @ fayS(me))
= > folfe may )®a_l(a(f(4))m(2)5_1(f(2))f(1)5(m(3)))
= Y folfa ® f2)

= ZT(%)(W) ® f(l)

This implies that x(7(f)) = > 7(f(0)) ® f1). Finally, it is easy to see from the
H-colinearity of 7 that 7 has an inverse 7! defined as follows:

=> g90p(Sgw)

for g € Endy(H.)°P, m € H,. |

Lemma 4.6. The algebra A, defined above is an H-Azumaya algebra.

Proof. By (4.2), (4.4) and (4.5), AQ#A_Q_% End(H, ® H'") as Yetter-Drinfel’d
H-module algebras. It follows that A,# A, is an Azumaya algebra. The canonical
map

F: Ao#A, — End(A,); Fla#b)(c) = > ac()(cq) - b),

is a Yetter-Drinfel’ld H-module algebra map. It is readlly seen that F' restricted
to the center k is the identity. It follows that F' is a monomorphism. Now F' is
an isomorphism, since both sides have the same rank and are common Azumaya
algebras. Similarly, the other canonical map G is an isomorphism too. Therefore,
A, is an H-Azumaya algebra. |

Let us call a Yetter-Drinfel’d H-module algebra which is the endomorphism
ring of a faithfully projective H-bimodule a quasi-elementary Yetter-Drinfel’'d H-
module algebra. Following the notations introduced in [11], denote by BT (k, H) the
subset of BQ(k, H) consisting of classes that are represented by quasi-elementary
H-Azumaya algebras. BT(k, H) is closed under the multiplication # in BQ(k, H),
but we do not know if it is a subgroup of BQ(k, H). If Lemma (4.5) holds for
any quasi-elementary H-Azumaya algebras, then BT(k, H) is a subgroup. This
holds for example if H is commutative, cocommutative and faithfully projective,
cf. [6, 11]. In general, we have a group anti-homomorphism

7 Autpeptr(H) — BT(k, H), a— [Ad]

Proposition 4.7. 7 is an anti-homomorphism.
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Proof. Let o, 8 €Autpopt(H), and consider the H-bimodules H,, Hg. Define an
H-bimodule M = H, ® Hg with H-structures given by
(26) h-(x®y)=Zh(1)-x®a(h(2))-y
and
X(r®@y) = Z T(1) ® Y1) @ Y2)T(2)

Then Endg(M) with the induced H-structures from M is a Yetter-Drinfel’'d H-
module algebra. One may check that (26) is indeed induced by 1 and ¢ described
in (4.2). Forhe Hm=x®y € M, M satifies the compatibility condition

x(h-m) = hegy - m) ® Balhey)mayS~ (k)

Take 3 = a='. Then M = H, ® H,-1 is a faithfully projective Yetter-Drinfel’d
H-module. Tt follows that [Ag#A.-1] = [Endg(M)] = 1 in BQ(k, H), and hence
[Aa]_l = [Aofl] in BQ(kaH)
Next let us look at the H-bimodule N = M ® H., where v = (3a)~!. The
comodule structure of N is the usual one, but the H-module structure is given by
h-(m®z) = Zh(l) -m ® Ba(ho) - x

As shown in (4.2), ¢ : End(M)#A, = End(N) as Yetter-Drinfel’d H-module
algebras. However, N is a faithfully projective Yetter-Drinfel’d H-module. In fact,
forhe Hn=m®®x € N,

X(h-n) =" x(hay-m® Ba(he)) - )
= D he) -m) ® Palhes) - z)
@vBa(he))ryS™ (Ba(hay))Balhe) )may S~ (b))

= D he) - (me) @ 1(0) @ hgyzayma S~ (haw)
This fact entails that [Endy(M)] = [A,]7!. Therefore, [A4][Ag] = [Aa#As] =
[Endi(M)] = [A,]7! = [A,-1] = [Aga]. This finishes the proof. |

To a Hopf algebra automorphism « of H, we may associate an element 6(a) of
Aut(E(H)) given by
O(a)(g =1 \) = a™'(g) M a”(})

This is well-defined since a=1(g) > a*(A) is in E(H) for any g <x A € E(H). It is
clear that ©(a™!) is an inverse for ©(a) in Aut(E(H)). Thus we have obtained an
anti-homomorphism © : Autpeps(H) — Aut(E(H)). We now have to clarify the
relationship between © and the anti-homomorphism 7.

Theorem 4.8. With notations as above, the following diagram is commutative:

Autpops(H) - Aut(E(H))

I [

BT(k,H) < BQ(k H).
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Proof. Given a € Autpepi(H), Ao is an H-Azumaya algebra. To each element
o =g A€ E(H) we associate the element 1, € A, as follows: for x € H,,

=Y o' 9) zMaq)
For h € H,xz € H,, we have
> a9 - zoMalhs)z) ST (b))
= Y o'y gh(z) 20y (N) (hez)) A1) A" (b))
= Y a g () = h) -z Mza)A (b))
= Z(h@)*a (M)a™H(g) - Ty Mz@)A ™ (h))
= Y (h=A""a"(W)o(x)
The above equality yields the following:
(h-o)(@) = > haye(S h(2) )
= > ha(S(he) =A@ (VYo (2)
= Y hyS(h)(S(he), A (V) o (2)
= Y (ha"(\” 1>A>wg(x>

It follows that h -, = (h,a*(A"1)A\)¢), for any h € H. For the H-coaction on v,
we have

)
)z

X(Yo(z)) = Za o) ® gr(1)S (@ (9) Mz (2)
= Y a9 20 ©Mza)z@ga (g7
Z% (2(0)) ® z1yga(g™")

An easy computation yields x(¢y) = 1, ® ga~t(g71).
It remains to be proved that ¢, € ®(p(0)). For f € A, o(f) = plo)(f) =
> 9 fA(f)). Then for x € H,, we have

o(f)ale) = D o(f)a™ (g) z0)Afw)
= Y (9 fo) a7 (9) - z0) Mz f1)
= Y g folg e (9) - zo)Mzw fa)
Now set § = ga~1(g~1); then
D Vo) Vo) - @) = 0@ ()
= (7 f(7 " 1))
> a N )g fGT D) oMe@ G 1) ST D)
Y9 G 20)0)oMe@STHE T 20) ) (@ - 20)0) )
= Zg-fw)(g ~z0)) M@y f1))
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Therefore, o(f)s = > Yo(0)(Vo(1) - f), and we have proved that 1, € ®(p(c)). By
the definition of the homomorphism a4, , we know that a4, (c) = ga=1(g71) x
a*(A"H\, and it follows that

Ba.(0) = 0aa, (o)™ = a7 (g) = a’(N) = O(a)(0)
This finishes our proof. O

a?

The above commutative diagram yields Ker(7) C Ker(©). If H is commutative,
cocommutative and faithfully projective, then © is injective, and hence Autpopt(H)
is anti-isomorphic to some subgroup of BQ(k, H); cf. [6, 11].

In the rest of this section, we consider the action of Autmeps on BQ(k, H). We
will show that, in some sense, this action can be measured by the map g.

Let A be an H-Azumaya algebra, and o a Hopf algebra automorphism of H. Con-
sider the Yetter-Drinfel’d H-module algebra A(«a), which equals A as a k-algebra,
but with H-structure (A(a), —, X') given by

h —a=a(h)-aand x'( Za 0 ®a a(l)) = (1®a Hx(a)
for all a € A(a), h € H.

Lemma 4.9. Let A, B be H-Azumaya algebras. If a is a Hopf algebra automor-
phism of H, then A(c) is an H-Azumaya algebra, and (A#B)(a) & A(a)#B(«).

Proof. The second part is clear. We ihow the first part. Let e = Y x;#7; be
the H-separability idempotent of A#A. It is readily verified that e is still the
H-separability idempotent of A(«)#A(a), by (2.14). So A(«) is H-separable. Now

A(a)A = {2 € A(a)|az = Zx(o) ;v(l) —a),Ya € A(a)} = A4

implies that A(«) is right central. Similarly A, is left central. Therefore A(a) is
H-Azumaya. O

(4.9) allows us to define the group action of Autyepr(H) on BQ(k, H) through
a([4]) = [A()] for @ € Autpepe(H) and [A] € BQ(k, H). On the other hand, there
exists a natural action of Autwops(H) on Aut(E(H)) by inner automorphisms, i.e.,

a(f) = 0(a)fO(a""), for f € Aut(E(H))
Proposition 4.10. The map (3 respects the Autnept(H)-action, that is, Ba) =
O(a)BaO(a™).

Proof. For ¢ = g 1 A € E(H), set aa(c) = p > 7. Choose an element u €
®a(p(0)); then

x(u)=u®pand h-u=mn(h)u
for h € H.

Let us look at the element v € A(a). By the definition of A(«) we know that
X' (u) =u®a (p), and h — u = a*(n)(h)u. In fact, u € 4., (p(O(a)(0))) since
u(a”H(g) —a) = u(g-a)
= ) g-agag)u
> aHg) — ae (M) (o ag))u
= O(a)(0)(a)u
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for any a € A(a). This implies that ® 4, (p(0(a)(0))) = O(a)(a(c)), and hence
we have ® 4(4)(p(0)) = O(a)aa®(at)(o). Now

Ba)(o) = ocasa)(o)
= 0(0(@)as®(a™)(0))
= O(a)(O(a (o) (@@ ()™
= 0(a)BaB(a)(0)
Therefore, Ba) = O(a)B4O(a™!), and the map 3 preserves the Autmops(H)-
action. O

The above proposition suggests that the action of Autieps(H) on BQ(k, H) might
be inner. Indeed, we have

Theorem 4.11. Autpepe(H) acts innerly on BQ(k, H). More precisely, for any
H-Azumaya algebra B and o € Autpept(H), we have [B(a)] = [Ad][B][Aa-1].

Proof. 1t suffices to show that B#A, = A,#B(a™!) for any a € Autpeps(H).
Identify A, with H, ® H} as described in the beginning of this section. The
multiplication on H, ® H is the obvious one, that is,

(me@m*)(n®n*) =men"(m*",n).
Recall that H,, satisfies the compatibility condition:
X(h-m) =" he) - me) @ alhe)ma) S~ (ha)).

This implies that the H-bimodule H} satisfies the compatibility condition

X(h-p) =Y hy - po) @ hpa) S~ (alh)))

Without ambiguity, we keep the notation (— , (1 ® a)x) for B(a™!), and (-, x) for
B. We define the map

¢ B#A, — A#B(a™t)
by
gb#mem*) = S(bu)) - m®mig#mfy) — b
= S(ba) - me@mig#a~ (mfy) - bo)

Let us show that ¢ is H-linear and H-colinear. The long, straightforward and
tedious verification of the fact that ¢ is an algebra map is left to the reader. First,
¢ is H-linear since

¢(h(1) . b#h(g) mE h(3) -m™)
= ZS(h(B)b(l)S_l(h(l)))h(4) -m @ (hesy - m*) oy #(hes) - m*) 1y — (hezy - beoy)
= Z h(l S b -m h(4) . m?o)#oz_l(h(5)m2‘1)5_1(a(h(g))))h(g) . b(o)

> hwyS -m @ hgy - mipy#a  (hey)a~ (m{y) - b
= h- ¢(b#m ®m )
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Next, ¢ is H-colinear:

X(¢(b#tm @ m™))
= > (S(b)) - m)) ® miy,
#(mz) — b)) @ (M{z) - b)) wymisy (S (b)) - m) 1)
= > Slb) - me) ©m,
#m{zy — by @ miya(bay) S (miy)m{ya(S(ba))m)ba
= Y S(bay) - m) @ mig#Emy — by ® miymbe)
= Z d(b(oy#m(0) @ m(g)) ® m{yym(1)b(r)

Finally, ¢ is an isomorphism with inverse ¢—! defined by

We

[1]
2]
3]
(4]
[5]
[6]

7]

(8]
[9]
(10]
(11]
(12]
(13]

[14]
[15]

[16]
(17]

(18]

¢~ (me@m #b) =D (S(mfy)) — b)) #(S(mfy) — b)) 1) - m @ mi.

leave the verification to the reader. |
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